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Abstract-The procedure of volume averaging is applied to the process of steady-state heat conduction in 
a two-phase system and a method is developed to calculate the effective thermal conductivity. This method 
provides details of solid mechanics and thermal problems, and particle-particle contact is treated in an 
empirical manner. The proposed method is applied for periodic regular arrangements of circular and 
square cylinders. The effects of particle shape, roughness and solid conductivity are examined. A qualitative 

comparison between theory and experiment is also reported. Copyright Cc) 1996 Elsevier Science Ltd. 

1. INTRODUCTION 

The problem of determining the effective thermal con- 
ductivity of a composite medium or a multiphase sys- 
tem is of interest to a wide range of engineering prob- 
lems. For instance, knowledge of it is essential to 
determine the temperature field in a packed bed reac- 
tor, in a non-isothermal catalyst pellet, in the thermal 
process of oil recovery and shale oil retorting oper- 
ations and in the drying process. The existing theor- 
etical treatment of effective conductivity is based on 
the local volume averaging method. In the following. 
we briefly review the approach used by Whitaker [l, 
2] applied to the two-phase system illustrated in Fig. 
1. The heat conduction problem is developed from the 
steady-state energy equation for the “9 and the “f” 
phases : 

V*k,VT, = 0 and V*k,VT, = 0 (1) 

Fig. 1. Two-phase system 

with the boundary conditions on the s-f interfacial 
area A, : 

n, - k,V Tr = n, * k,V T, and Tf = T, (2) 

where li, and kc are the conductivity of the “s” and the 
“f” phases, respectively, n, is the unit normal vector 
outward from the fluid phase. By using the theory of 
local volume averaging assuming local thermal equi- 
librium [I, 31, and applying the averaging [4] and 
the modified averaging theorems [S], a single heat 
conduction equation is written as : 

V [4k,+(l-4)k,lV(T)+ kr+ 
( I,, 1 

n,TrdA = 0 

(31 

where 4 is the porosity of the porous medium, V is 
the averaging volume [6], (T) is the local volume 
averaged temperature defined as : 

(n =_: TdV= +(T,)f+(l-4)(T,)‘ (4) 
c Y 

where (T,)” and (T,j’ are the intrinsic phase average 
temperatures of the “s” and “f” phases, respectively, 
and Tr is the local deviation temperature of the “f” 
phase defined by Gray as [5] : 

i;, = T,-CT,)‘. (5) 

Analogously the local deviation temperature Y?S of the 
“s” phase is defined as : 

Fs = T,-(T,)“. (6) 

A theoretical procedure to determine the local devi- 
ations Fr and F, is developed in [7] in the form : 

TV = b,*V(T) and FS = b;V(T) (7) 

where bf and b, are the two transformation vectors that 
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NOMENCLATURE 

a side length of square [m] V local representative elementary 
A external surface of the cylinder [m’] volume [m3]. 
4s solid-fluid interfacial area [m’] 
b transformation vector [m] Greek symbols 

; 
width of contact area [m] 6 hardness [N m-‘1 
distance [m] AT imposed difference temperature [K] 

f elasticity material constant t: strain component 
E Young’s modulus [Pa] 4 porosity 
G average weight force per unit length ‘r’ strain component 

PI stress component [Pa] 
h thermal conductance for unit contact Ll average angle of inclination 

area [W m-* K-‘1 r stress component [Pa] 
H height of packed bed [m] n contact area [m’] 
I identity tensor v Poisson ratio 
k conductivity [W rn-’ K -‘I Y plasticity index 
K, effective conductivity tensor 5 rugosity [ml. 

[W mm’ K-‘1 

k, effective conductivity [W m-’ K -‘I Subscripts 
L side length of unit cell [m] A area 

L, length of cylinders [m] d inferior surface of the packed bed 
I, periodicity vector [m] f fluid 
1 dimension of the slab [m] 1 left surface of the packed bed 
m position vector [m] r right surface of the packed bed 
N number of row of cylinders U superior surface of the packed bed 

nfs unit normal vector outward from fluid S solid 
phase 1 contact area on Y direction 

P pressure on nominal contact area [Pa] 2 contact area on X direction. 

9 heat flux [w m-‘1 
r radius of circular cylinder [m] Superscripts 
R thermal resistance [W K -‘I f fluid 
S boundary surface of packed bed [m’] S solid 
t specific boundary stress [Pa] deviation. 
T temperature [K] 
U displacement [m] Other symbols 

X,Y Cartesian coordinates [m] 0’ volume averaged over the fluid phase 
x x-direction volume averaged over the solid phase 
Y y-direction volume averaged. 

map V(T,? to Fr and Ts, respectively. Consequently, It should be clear that the problem of (10) and (11) is 
substituting (7) in (3) the effective conductivity tensor nearly as complex as the original problem stated by 
is obtained by the equation : (1) and (2). 

k,-k 
K, = [&+U -4Y#+ v 

s 
wAdA. (8) 

4 

In this case a single heat conduction equation can be 
written for the porous medium as : 

V*(K,*V(T)) = 0. (9) 

Vectors br and b, are found by solving equations [7] : 

Ryan et al. [8] have demonstrated that if the porous 
medium can be considered as being spatially periodic, 
so too are br and b, ; in this hypothesis the solution to 
this problem can be obtained only in a representative 
unit cell of the porous medium. Under these cir- 
cumstances the periodic boundary conditions are 
given by : 

2 V b,=O and 2 V b,=O. 

with the boundary conditions on Afs : 

(10) 

Wm + W = b&n) (12) 

where m is the position vector and L, is the periodic 
vector. 

k,n, * Vbr = k,n, - Vb, +n,(k, -k,). (11) 

The numerical solution to the problem for a per- 
iodic structure of in-line non-connected square cyl- 
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Fig. 2. (a) Unit cell for non-connected square cylinders, (b) regular packed bed of square cylinders. 
(c) unit cell for interconnected square cylinders, (d) unit cell for non-connected circular cylinders. 

inders is obtained by Nozad et al. [7] on the unit 
cell as shown in Fig. 2(a) using the finite difference 
method. In particular, they found that the numerical 
solution is straightforward for moderate values of the 
ratio k, : k, but for large values of this ratio the prob- 
lem encounters numerical instabilities. These diffi- 
culties can be overcome using an outer expansion in 
the perturbation parameter (k,/k,) ‘. The results show 
that the effective thermal conductivity for non-touch- 
ing cylinders is dominated by k,: kf and 4 and only 
slightly influenced by geometrical configuration. 

To simulate the erect of particle-particle contact 
Nozad et al. [7] used the model of a spatially periodic 
porous medium illustrated in Fig. 2(b) with the unit 
cell shown in Fig. 2(c). In this case, the “s” phase is 
continuous and the contact effect is simulated using a 
slab of uniform thickness c, placed in the centre of 
each side. 

The value of the ratio c : a equal to 0.02, [where a is 
side length of square in Fig. 2(c)], was first suggested 
in [7]; it was used to compare the numerical results 
of effective conductivity with experimental values to 
simulate a porous medium with a porosity of 
4 = 0.36. As noted in [9, lo], the inner expansion 
method proposed by Nozad et al. produced an overe- 
stimation of the contact area for values of k,/k,- > lo4 

and consequently the value c : a = 0.01 was suggested 
[9, 101. 

The experimental values used to determine c : a are 
obtained from the results of different researchers for 
different beds (spheres and cylinders) with different 
arrangements (random and regular) using different 
solid particles (aluminium, bronze, stainless steel, 

glass, etc.) and stagnant fluids (air, water, helium, 
etc.). 

To evaluate the effective thermal conductivity, Sah- 
raoui and Kaviany proposed a different approach 
where K, is computed directly from the temperature 
field [9]. The two-dimensional (2D) heat conduction 
is solved by using the finite-different method for the 
unit cells shown in Fig. 2(d) (non-connected particles) 
and Fig. 2(c) (interconnected particles), with periodic 
boundary conditions. The effective thermal con- 
ductivity is obtained by [9] : 

kc AT (13) 

where (q,.)Al is the area-averaged y-direction heat flux 
vector and AT is the temperature difference imposed 
as boundary condition. 

In [9] the effects of k, : k,, porosity, and particle 
geometry and arrangement on the effective con- 
ductivity is examined in detail for non-connected par- 
ticles using the unit cells shown in Figs. 2(a) and 
(d). Vice versa the case of interconnected particles is 
examined using only the unit cell of Fig. 2(c). The 
Saharaoui and Kaviany results show that the value 
c : a = 0.01 overpredicts the effective conductivity for 
a packed bed of spheres and the value of c : a = 0.002 
is suggested for high values of k, : k,. This value is 
obtained using the experimental results presented in 
Nozad et a/. [7] and in Jaguaribe and Beasley [l 11. 

In conclusion, the effective thermal conductivity is 
predicted using a single value of c : a as representing a 
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universal parameter for porous medium. This value is 
determined since it supplies the best reasonably good 
agreement between the theoretical results and all the 
experimental results of the different types of porous 
medium. 

The above-described method, however, presents 
some unsolved problems, such as : 

(i) high dispersion of the experimental results ; 
(ii) large differences of K, values obtained in appar- 

ent identical experimental conditions (see Figs. 7-9) ; 
and 

(iii) large differences between some experimental 
results and the corresponding numerical values (for 
instance, the aluminium-air system referred to in [7] 
and [lo]). 

These problems could be resolved using a procedure 
to determine different values of c according to the type 
of solid and fluid forming the porous medium. For 
this reason the authors propose a solution method to 
evaluate the effective thermal conductivity for a 
porous medium with interconnected particles which 
includes details of the solid mechanics problem. 

2. SOLUTION METHOD 

In general, the point-type or linear contacts between 
two bodies are purely theoretical ; they presume that 
the solids in contact are perfectly rigid. In reality, 
when two non-conforming solid are brought in to 
contact they touch initially at a single point or along 
a line. Under the action of the slightest load they 
deform in the vicinity of their point of first contact so 
that they touch over an area which is finite though 
small compared with the dimensions of the two 
bodies. 

Imposing the same temperature gradient as bound- 
ary condition the contact area dimension highly 
influences the thermal behaviour of the porous med- 
ium; when this dimension increases, the conduction 
heat flux across the solid particles, and, consequently, 
the effective thermal conductivity both increase if 
k, > kr and, decrease if k, < kf. 

Hence a theory of contact is necessary to predict 
the number, the position, the shape and the dimension 
of the contact areas and to determine the effective 
thermal conductivity. In general, the problem presents 
itself as being extremely complex since it is known 
that K, is also a function of the shape of the solid 
matrix, of the porosity, of the type of arrangement of 
the particles and of the k, : k, ratio. 

We chose in this initial test of the theory to restrict 
ourselves to a simple possible computational prob- 
lem; in particular, the determination of K, is com- 
puted for a regular packed bed of circular or square 
cylinders which have a constant conductivity k, and 
they are embedded in a stagnant fluid having a con- 
stant conductivity k,. Moreover, we assume that the 
solid has a linear elastic behaviour ; consequently, the 

solid mechanics problem is solved using the elastic 
theory of contact. 

In this theory the contact surfaces are smooth and 
continuous hence the stresses are finite everywhere. 
The contact area determined using the elastic contact 
theory is defined as the nominal contact area [ 131. 

In general, the contact between solid surfaces is 
discontinuous and the real area of contact is a small 
fraction of the nominal contact area. Moreover the 
topographical characteristics of the rough surfaces 
(profile, shape and height of the asperities) and their 
mechanical behaviour are relevant to determine the 
real macroscopic contact area. In particular the 
asperities can present elastic or plastic deformations 
depending on their microscopic geometry and on the 
mechanical properties of the solid. The proposed 
method determines as in a first step the nominal con- 
tact area using the elastic contact theory and then 
takes account of the real contact area in the thermal 
problem. 

Despite the particular type of porous medium inves- 
tigated, the results obtained can in any case furnish 
useful indications for later studies in the light of some 
of the considerations that have emerged in literature. 
In particular : 

(I) in the analysis of properties of heterogeneous 
medium with random structure, it is customary to 
assume that the granular medium is statistically 
homogeneous [12] ; and 

(2) Saez et al. [14] in their study for a three-dimen- 
sional medium made of cubic particles report that for 
isotropic structures the effective conductivity depends 
only on the porosity and the 3D effects are not very 
important. 

2.1. Solid mechanics problem 
The solid mechanics problem consists in deter- 

mining the final configuration of the contact area 
dimensions for each cylinder in the packed bed boun- 
ded, laterally and from below, by the plane walls of a 
container. 

Since each cylinder is subject to different weight 
forces transmitted from laid-upon cylinders through 
the contact area, it is necessary to find the stress and 
the elastic displacement of any point of each cylinder. 
It is important to note that if the length of the cylinders 
is very large compared to the radius, then the solid 
mechanics problem can be simplified to a plane strain 
problem. In this hypothesis the equations governing 
the elastostatic problem are [ 131 : 

equilibrium field equations : 

T!!+?$=o 

(14) 

(15) 
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Fig. 3. (a) Regular packed bed of circular cylinders, (b) particular of regular packed bed of circular 
cylinders with the areas of contact indicated, (c) particular of regular packed bed of square cylinders with 
the dimensions c, and c2 of the contact areas ll, and 112 indicated respectively and the distances d, and d,. 

compatibility relationships : 

constitutive relationships : 

where f;, (fjE =,f;,) are the elasticity (material) 
constants, cr,, gA and r,, are the stress components, a,, 

aj and 7X> are the strain components and II, and U, 
are the displacement components. For an isotropic 
material, ,f;, can be expressed only in terms of the 
Young modulus E and the Poisson ratio v as : 

.i; I = 
‘%I -VI f;z = E(1 -vZ) 

1 -v-2vZ (I-v)(l-v-2vZ) 

(18) 

Consider an assembly of a regular disposition of N- 
rows of cylinders represented in Fig. 3(a), the bound- 
ary conditions on the packed bed [Fig. 3(b)] are : 

natural 

t,(x,.r) =7,,n?.+a,.n,. <O onrI,(.x,y) (19) 

t, (X-J) = r,,.n,. + b,n, < 0 on II, (x, y) (20) 

t,(x,y) = t,(.u,y) = 0 on S, (21) 

and essential 

u,(x, y) = u,.(x, y) = 0 on S,, S,, S,, S, (22) 

u,(x,Y) < d&y) on A(x,_v) (23) 

u~(x,Y) < ~,G,Y) on .ff(x,.v) (24) 

where &, S, and S, are the surfaces of the rigid walls 
of the container, S, the superior plane of the packed 
bed [Fig. 3(a)], A is the deformable external surface 
of the generic cylinder [Fig. 3(b)], n, and n,. are the 
components (or direction cosines) of the unit normal 
vector at the contact area, II, and II, are the contact 
areas between the contiguous cylinders [Fig. 3(b)], t, 
is the specific boundary stress caused by the weight 
of the laid-upon rows of cylinders, tr is the specific 
boundary stress between the contiguous cylinders in 
the same row caused by the rigidity of the container 
walls, and dx and dy are the distances of a point of 
a cylinder from the nearest separation plane of two 
vertical and horizontal rows of cylinders, respectively 
[Fig. 3(b)]. 

The boundary conditions expressed by (23) and 
(24) contain the geometrical information necessary 
to impose non-penetration between the deformable 
cylinders. 

We can now observe that the porous medium is 
characterized by a periodic and uniform structure 
defined by a unit cell. It is then possible to study the 
unit cell in order to evaluate the global (homogenized) 
behaviour of the packed bed. The problem is to ident- 
ify the opportune boundary conditions to impose on 
the unit cell. In fact, considering the natural boundary 
conditions, we note that the weight force acting on 
any of the cylinders is different, and, consequently, 
the contact surfaces have different dimensions in 
relation to the height of the cylinder in the packed 
bed. To obtain the weight force to impose on the unit 
cell. we consider as boundary stresses on the contact 
areas those produced by the average weight force dis- 
tributed along the height of the packed bed and acting 
in a direction normal to the area n,. 
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In the linear elastic hypothesis the average weight 
force can be easily evaluated as the arithmetic average 
of the weight forces applied on the first and the last 
cylinder of the packed bed. In this case, G is a function 
only of the radius of the cylinder, Y, the density of the 
solid, p, and the number of rows of cylinders, N. 

The natural boundary conditions on the single cyl- 
inder of the unit cell [Fig. 4(a)] are (19) and (20) 
whereas the essential boundary conditions are modi- 
fied as : 

u,(_u,JJ) = 0 on x = _tr and JJ = 0 (25) 

u,.(x,~‘)=O onx=O and J=~V (26) 

u,(x,y) < Ir--YI on r =(.x2 +y’)“’ 

with0 < x < Y and 0 <y 6 r (27) 

u,(x,y) < lr-yI on r =(x7 +y’)” ’ 

with0 <x< r and 0 <y < r. (28) 

The boundary conditions are formulated assuming 
that the arch effect induced on each cylinder from the 
rigid constraints of the container walls is neglected. 

The system of equations (14)-(18) with boundary 
conditions (19) and (20) and (25)-(28) was solved 
using the Galerkin finite-element method [15]. The 
discretization of the domain was developed using a 
bilinear quadrilateral and triangle linear planer 
elements. 

Solution stability was obtained with a mesh of 
10 000 elements in a quarter of the cylinder, while the 
contact area was discretized with about 30 elements. 

Non-linear boundary conditions include contact 
problems, as well as non-linear support conditions. 
The procedure used for the solution of non-linear 
equations is the modified Newton-Raphson method. 
The convergence criterion is based on the magnitude 
of the maximum residual load compared to the 
maximum reaction force. 

In the light of the numerical results obtained, the 
values of the width c, of the contact strip [Fig. 4(a)] 
can be obtained to a good approximation using the 
theory proposed by Hertz [14], valid for the following 
simplifying hypotheses: (i) elastic and isotropic sol- 
ids ; (ii) forces acting in an orthogonal direction to the 
contact surfaces (this hypothesis is verified since the 
only force acting is the weight force) ; (iii) strains being 
much smaller than the cylinder radius; and (iv) the 
cylinder being fixed by the presence of the cylinders 
above and below, but free to deform laterally. 

In this hypothesis, it is possible to obtain the 
expression of the width c, of the contact strip as : 

c, = 4.~(G.rlr((bvi)j. (29) 

In a packed bed, hypothesis (iv) is not verified for the 
presence of lateral cylinders but if the weight forces act 
on each cylinder are not very high, the corresponding 

width c2 of the lateral contact strip [Fig. 4(a)] are 
neglected (Fig. 6) and, therefore, the values of c, 
obtained using the numerical method coincide with 
the analogous values calculated using the simplified 
relationship (29). In particular, the maximum per- 
centage difference is equal to 0.4% in correspondence 
to an H-value equal to 60 cm. 

The average weight force G and the packing height 
Hare equal to f(pnr2L,N) and 2Nr respectively, where 
L, is the length of cylinders ; substituting these 
expressions in (29), it can be seen that, for the same 
material, the c, : r ratio proves to be a function only 
of H. Consequently, in hypothesis (i), the c2 : c, ratio 
is a function only of the packing height for the same 
material. 

The results of the numerical simulations are shown 
in Figs. 5 and 6. In particular ratios c, : r and c? : r are 
given as a function of the height of the packed bed for 
a number of different solid materials. 

2.2. The thermal problem 
The resolution of the thermal problem is based on 

the simple consideration that the effective conductivity 
can also be computed directly by using the tem- 
perature field. In particular K, can be obtained from : 

(4) = -KV(T) (30) 

where in the particular case of the isotropic porous 
medium the tensor K, becomes a scalar k, [ 161. 

The temperature field can be obtained resolving the 
system of differential equations (1) with the boundary 
conditions represented by (2) and by the other bound- 
ary conditions on the regular packed bed of circular 
cylinders [Fig. 3(a)], which are : 

~T(.x,Y) 
~ = 0 on S, and S, 

r:.u 
(31) 

T(x, y) = T, on S, (32) 

T(x, y) = Td on S,. 

For symmetric conditions the temperature field in the 
porous medium can be obtained from the temperature 
field calculated only in the unit cell of Fig. 4(a) with 
the boundary conditions : 

aT(.x,y) 
-0 forx= ik and 

L L 
f3X 

-+s~ 

T(x, y) = T, for y = $ and _ 

T(x,y) = Tz fory= -4 and 

where : 

(34) 

L L 
2<.X<- 

2 

(35) 

L L 
--dx<- 

2 2 

(36) 
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Tu - Tc, AT= T,-T2 =N. (37) 

Equation (37) can be obtained from simple con- 

Assuming that k, does not vary with temperature 
(i.e. k,, kf and 4 are independent from temperature) 

siderations on the symmetry of the field of tem- 
perature of the regular packed bed with the boundary 

the value of the effective conductivity can be cal- 

conditions (31), (32) and (33) and on the periodicity 
of the unitary cell. In fact, the field of temperature in 

culated as : 

the unitary cell is periodic along the Y-axis [apart 
from the AT that can be obtained from (37)] and 
periodic along the X-axis for the whole regular packed 
bed. 

s 
qdV 

(4) L I’ ke=-VO=--~ 
V AT (38) 

The numerical solution of the integral in (38) can be 
easily obtained from the temperature field when this 
is determined using the Galerkin Finite Element 
Method. In fact the components of the heat flux can be 
calculated for each element using the Gauss-Legendre 
quadrature [ 151. 

The mesh used to solve the thermal problem in the 
solid cylinder is obtained from the mesh used in the 
solid mechanics problem modifying the positions of 
the nodes to take account of the displacement field. 

The values of effective thermal conductivity 
obtained using the proposed method proved, however 
to be always significantly larger than the experimental 
values of k, proposed in literature. 

The over-estimation of these results depends on 
having neglected the imperfect nature of the contact 
area between the cylinders. The roughness of the sur- 
faces determine the presence of voids in the real con- 
tact area. These discontinuities cause an additional 
thermal resistance, called the thermal contact resist- 
ance, which manifests itself as a temperature drop at 
the interface. The magnitude of this thermal resistance 
depends on the surface roughness, the type of 
material, the interface pressure, the interface tem- 
perature and the type of fluid filling the voids. 

In particular the additional thermal resistance is 
strongly influenced by the surface behavior in contact, 
which varies according to the asperity deformations 
which can be elastic, plastic or elasto-plastic. 

The deformation properties of a rough surface is 
described by the plasticity index Y. In this study we 
use the definition of Y proposed by Mikic [ 171 : 

(39) 

where 9, is the average angle of inclination of the 
faces of the asperities on the surface of the solid and 
6 is the hardness of the material. If the value of Y is 
appreciably less than unity, the deformation of the 

asperities will be entirely plastic ; if the value is greater 
than unity the deformation will be predominantly 
elastic. In this study we consider that the deformations 
of the asperities are entirely elastic. 

For elastic deformations of the asperities in the 
contact area, Mikic in [17] proposed the following 

Consequently the proposed method is approxi- 
mately valid for 9, being lower than material type 
characteristic values; for example, for stainless steel 

theoretical relationship to calculate the thermal con- 
tact conductance : 

and aluminium with a probability of 90% the defor- 
mation of the asperities is elastic for 9, lower than 
ca 80”, whereas with a probability of 95-99.7% the 
deformation is elastic for 9, being lower than respec- 
tively cu 45’ and 20’ [ 171. 

where 5 is the roughness of the material and P is the 
pressure on the nominal contact area. Equation (40) 
is valid for a thermal conductivity of the fluid much 
lower than k, in order to be able to neglect the thermal 
flow passing through the voids present in the contact 
area. 

Equation (40) cannot be used in a boundary con- 
dition to determine the temperature field in the unit 
cell since the temperature profiles on the two sides of 
the contact interface are both unknowns. Moreover, 
since the thermal contact resistance is a function of 
the pressure on the nominal contact area, it varies in 
relation to the position of the cylinder under inves- 
tigation. Analogously to the solid mechanics problem, 
the thermal problem should be solved for the entire 
geometrical domain of the porous medium. Hence, 
the unit cell model can be again applied only by intro- 
ducing some approximations. In particular, in an 
analogous manner to the one proposed by Nozad et 
al. [7], the unit cell is modified as shown in Fig. 4(b). 
The contact effect is again simulated using two differ- 
ent slabs placed in the centre of the side of the unit 
cell. The dimensions, c, and c2, of the slabs are equal 
to the dimensions of the respective nominal contact 
areas and are, therefore, obtained from the resolution 
of the system of equations (14)-(18) with boundary 
conditions (19) and (20) and (25)-(28), whereas the 
lengths I, and I2 of the slabs are determined using an 
iterative procedure. The first attempt values of I, and 
I, are calculated making the thermal resistance of the 
area added to the unitary cell equal to the mean con- 
tact thermal resistance R, calculated assuming mono- 
dimensional heat flux : 

h,c, ., =F.,+kr(L;-Cl).,. (41) 
I I 

h, is determined introducing the pressure P,, cal- 
culated as the ratio of the average weight force G and 
the nominal contact area II, into (40). Thus : 
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I 

I 
= (kc, +ML--Cl) _I + W-c,) -- 

h,c, h,c, (42) 
1 

and : 

I, = 12. (43) 

The unitary cell is constructed in relation to the first 
attempt values I, and l,, and therefore, the temperature 
field is determined resolving the system of equations 
(1) with the boundary conditions (2) and (34)-(36) ; 
finally the effective thermal conductivity is calculated 
using equation (38). Lengths I, and I2 are iteratively 
modified until the thermal resistances R, or R, of the 
areas added to the unitary cell calculated by means 
of: 

(44) 

(45) 

are equal to the contact resistances to an approxi- 
mation of 0.2% in terms of k, 

Note that equations (42))(45) are formulated for 
the case of the temperature gradient imposed as the 
boundary condition being parallel to the Y-axis, and, 
therefore, having the same direction as the weight 
force G. If this gradient is parallel to the X-axis, the 
values of k, prove to be different since the thermal 
contact resistances are varied; in particular, for equal 
imposed temperature gradients, the contact area being 
lower, the values of k, will be lower compared to the 
previous ones. Analogous equations to (42)-(45) can 
however be easily determined. 

Note, furthermore, that in the case of VT being 
parallel to the Y-axis, the values of k, calculated 
assuming the lengths of all the slabs to be equal to 
I,, coincide with the ones calculated using the above 
described procedure which differences the slabs 
dimensions. This can be explained since the contact 
area IT2 does not have a large influence from the ther- 
mal point of view in calculating k, in the case of VT 
being parallel to the Y-axis and the material behaving 
in an elastic manner. In this case, it follows that if the 
values of cI can be determined using (29), the values 
of k, can be determined resolving only the field of 
temperature in the unitary cell. 

Vice versa, in the case of VT being parallel to the 
X-axis, it is indispensable to resolve the system of 
differential equations (14)-( 18) with the boundary 
conditions (19) and (20) and (25)-(28) to determine 
the dimensions, c2, of the contact strip and of the 
pressure PZ. 

3. RESULTS 

The method proposed to calculate the effective ther- 
mal conductivity was applied to the case of regular 
packed bed of stainless steel and aluminium cylinders. 
The application is obviously subordinated to knowing 
the mean value of roughness to be introduced into 
(40). Regarding this, it must be specified that this 
value is in relation to the superficial processing carried 
out on the material. Excluding rough superficial 
machining or superficial processing that leaves very 
low roughness (lapping, buffing, etc.), only the mach- 
ining considered to be probable in the absence of 
precise indications (grinding) was taken into account. 
This machining is, however, ChatXteriZed by a wide 
roughness range (2-60 pm). Thus, the machining is 
indicated using the terms fine, medium and coarse in 
relation to the superficial finish obtained (Table 1). 

Regarding the applications under examination, it 
should be underlined that coarse aluminium gives 
much higher roughness values compared to stainless 
steel. Furthermore, the technologies for producing 
cylinders and full spheres are much more consolidated 
for stainless steel than for aluminium (for example 
one can consider the consolidated technology of stain- 
less steel for the ball bearings and heat exchangers). 

Consequently, the roughness calculation limit 
values for stainless steel were assumed for the fine 
machining range, whereas for aluminium the limit 
values were assumed for the medium and coarse mach- 
ining ranges. 

The values of k, obtained applying the above-indi- 
cated calculation method, are given in Figs. 7 and 8 
for a regular packed bed of stainless steel circular 
cylinders in relation both to the height H of the bed, 
and to variations in the roughness, for VT being par- 
allel to the Y and X-axes, respectively. Figure 9 shows 
on the other hand, the values of k, in relation to H 
and as the roughness 5 varies for a regular packed of 
aluminium circular cylinders only for VT being par- 
allel to the Y-axis. The other case was not examined 
because of the lack of any experimental value even of 
a qualitative nature. Finally, it should be noted that 
the maximum packed height examined in Fig. 9 is of 
0.60 m since, assuming a yield stress of 20 MPa, gre- 
ater heights would give rise to macroscopical plas- 
ticization of the lower aluminium cylinders and, there- 
fore, the proposed method could not be applied. As 
far as the calculation method is concerned, it must be 
underlined that : 

(1) the increases in the area of the unitary cells, 

Table 1. Ranges of roughness in relation to the type of 
machining 

Type of machining t [pm1 

Fine 2-8 
Medium 8-16 
Coarse 16-60 
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non-touching cylinders 

4 10 16 22 28 34 40 46 
H, cm 

Fig. 7. The effective thermal conductivity for a bed of circular (continuous line) and square (dashed line) 
stainless steel cylinders with thermal gradient along the Y-axis in relation to the height of the regular 

packed bed, H, and the roughness of the solid particles. 5. 

60 
- circukar cylinders 

___ square cylinders 
I 

________--------- non-touching cylinders 

0 

20 25 30 35 40 45 50 

H, cm 
Fig. 8. The effective thermal conductivity for a bed of circular (continuous line) and square (dashed line) 
stainless steel cylinders with thermal gradient along X-axis in relation to the height of the regular packed 

bed, H, and the roughness of the solid particles, l. 

included to take account of the thermal contact resist- 
ances, slightly modify the porosity values of the 
packed bed (c$ = 0.22); in particular, in the case of 
the porous matrix made up of stainless steel cylinders 
the maximum porosity value proves to be equal to 
0.24 whereas in the case of aluminium this maximum 
value is equal to 0.27 ; 

(2) for a packed bed of stainless steel cylinders, the 
iterative procedure to calculate I, and /, can be avoided 
to a good approximation. In fact, the values of k, 
obtained assuming the lengths 1, and Z2 to be equal to 
the first attempt values, when calculated differ, at 
most, by 2% compared to the values of k, obtained 
using the iterative procedure. Vice versa, for the alu- 

minium cylinders, this approximation determines a 
maximum percentage difference of 6%. 

From Figs. 7-9, it can be seen that, for H and 5 
being equal and the conductivity of the stainless steel 
being less than that of the aluminium, the values of k, 
prove to be less for the porous particles made up from 
cylinders of stainless steel. Furthermore, in the case 
of these cylinders, for equal roughness, the values of 
k, prove to be greater for the temperature gradient 
being parallel to the Y-axis than is the case for VT 
being parallel to the X-axis. This behaviour depends 
on the fact that as H increases, the dimensions of the 
contact area II, (Figs. 5 and 6) increase more than 



Thermal conductivity of a porous medium 403 

#=8,um 
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H-7 
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> 
non-touching cylinders 

_________ _____________________________~~_____~---__~~~~---~__~~-~~ 

15 

__. square cylinders 1 

25 35 45 55 

H, cm 
Fig. 9. The effective thermal conductivity for a bed of circular (continuous line) and square (dashed line) 
aluminium cylinders with thermal gradient along the Y-axis in relation to the height of the regular packed 

bed, H, and the roughness of the solid particles, 5. 

0 200 
R, KW-’ 

400 600 

Fig. 10. The effective thermal conductivity in relation to the thermal contact resistance, R, for different 
materials. 

those of the contact area II,. Hence, when the tem- 
perature gradient is parallel to the Y-axis, the value 
of k, is greater than when the temperature gradient 
parallel to the X-axis, for all other parameters being 
equal. This proves that k, not only depends on the 
dimensions of the contact area, but also on the orien- 
tation of these areas compared to the temperature 
gradient. 

Figure 10 shows the values of the ratio k,: k, in 
relation to the contact thermal resistance for steel and 
aluminium cylinders. This diagram shows how as the 
roughness decreases (and therefore the thermal resist- 
ance) the value of k, increases. The maximum value 
of k, can be obviously obtained when the contact area 
is equal to the corresponding nominal contact area. 

Sahraoui and Kaviany [9] studied the effect of par- 

ticle shape on k, for non-touching circular and square 
cylinders. They underline that the particle shape 
becomes significant only as the porosity decreases 
(4 < 0.5). We investigated this influence for touching 
cylinders in a similar manner, comparing the values 
of k, for circular and square cylinders for equal 
porosity and contact resistances. The effective con- 
ductivity values determined using the unit cell shown 
in Fig. 2(c) are indicated in Figs. 7-9 by the dashed 
line. 

From the comparison, it can be seen that the differ- 
ence between the values of k, in both cases examined 
is not negligible and that this difference remains 
approximately constant as H varies for equal material 
roughness. The difference found in the values of k, 
depends on the contact thermal resistance. In fact, the 
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Table 2. Experimental data reported in literature 

Porous medium Ref. Arrangement 4 
H AT 

[mm1 direction k,ik, 

Stainless steel spheres-air 
Stainless steel spheres-air 
Stainless steel spheres-air 

181 Random 0.39-0.43 
111 Simple cubic array 0.52 
191 Random 0.49 
I91 Random 0.40 
101 Simple cubic array 0.52 
101 Simole cubic array 0.52 

Stainless steel circular cylinders-air 
Stainless steel spheres-air 
Aluminium spheres-air 
Aluminium spheres-air i2oj Ranhorn 

_______ 
0.4&0.41 200 Y 8077 

difference in the values of k, of the two cells in Fig. 
2(c) and Fig. 4(b) increases as the roughness decreases 
and, therefore, the contact thermal resistance. Fur- 
thermore, comparing Figs. 7 and 8, indicates that 
this difference proves to be greater for temperature 
gradient parallel to the Y-axis, for all other parameters 
being equal. 

Hence the influence of solid particles shape in a 
porous medium tends to diminish as the contact ther- 
mal resistance increases. 

The absence of experimental data for a regular 
packed bed of cylinders does not permit verification 
of the proposed model. As is reported in [7] and in 
[9], comparison with the experimental data obtained 
with different porosities and geometries, can in any 
case be indicative of the suitability of the model. We 
must emphasize that this comparison is exclusively 
qualitative since it is carried out between numerical 
results determined practically with porosity values 
comprised between 0.22 and 0.27 and experimental 
results regarding values of 4 comprised between 0.40 
and 0.52. In any case some interesting considerations 
can be made. 

The experimental conditions for the observations 
that have been examined and reported in the literature 
are summarized in Table 2 and the measurement 
values of k, : k, are shown in Figs. 7-9. 

From the examination of these figures, even if the 
roughness values of the materials used for the exper- 
iments are not known, it can be deduced that the 
variations of this parameter can be the cause of both 
the scatter in the data measured in apparently the 
same experimental conditions, and the large difference 
between the experimental data of k, in the case of 
aluminium. 

4. CONCLUSIONS 

A method to calculate the effective thermal con- 
ductivity of a two-phase isotropic porous medium 
with touching particles is presented. This method, 
based on the volume averaging technique, determines 
the values of the effective thermal conductivity includ- 
ing the details of the solid mechanics and thermal 
problems. 

The methodology is applied for periodic regular 
arrangements of circular and square cylinders. The 

465 x 2385 
52 Y 1650 

500 x 1646 
250 Y I646 
100 Y 614 
100 Y 6325 

effects of particle shape, roughness and solid con- 
ductivity are examined. Unfortunately the particular 
type of porous medium examined does not permit 
the influence of the porosity on the effective thermal 
conductivity to be evaluated. The indispensable evalu- 
ation of the influence of this parameter as well as the 
number and the position of the contact areas, will be 
the next objectives to be reached. In particular, the 
authors wish to apply their method to the case of a 
3D porous medium made up of spheres with a differ- 
ent type of arrangement, in particular a simple cubic 
array and a body-centred cubic array. 
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